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A tip first

Four key words in our course:

Limits

Continuous function

Differentiation

Integration
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What is a continuous function?

Inform language: A function is continuous if its graph is a single
unbroken curve.

“Continuous = Connected”
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Some continuous elementary functions
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Please draw some continuous functions

Figure: Thanks for your nice pictures!!
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Discontinuous functions

If f is not continuous then we call f a discontinuous function. It’s
graph is a broken curve.
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Continuous function

Definition
Let c P D Ď R and let f : D Ñ R be a function. We say that
function f pxq is continuous at the point c if

lim
xÑc

f pxq “ f pcq.

We say that f is a continuous function on D if f is continuous at
each point of D.

Note: The set D will be one of the following sets:

R, pa, bq, pt,`8q, p´8, sq
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Continuous at some point c

By the definition, a function f pxq is continuous at the point c if

lim
xÑc

f pxq “ f pcq.

This is equivalent to

lim
hÑ0

f pc ` hq “ f pcq.

Moreover, function f is continuous at point x if and only if

lim
xÑc´

f pxq “ lim
xÑc`

f pxq “ f pcq.
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Continuous or not, let’s see

Figure: f is discontinuous on R, but
it is continuous on the interval
p0,`8q and also continuous on the
interval p´8, 0q.

Figure: Discontinuous on R, but it is
continuous on the interval
p´π{2, π{2q, and in fact for k P N it
is continuous on interval
p´π{2` kπ, π{2` kπq.
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Example I

Let f : RÑ R with f pxq “ x ` 1. Does it continuous at x “ 1?

(1) limxÑ1 f pxq “ limxÑ1 x ` 1 “ 2
(2) f p1q “ 2
Thus limxÑ1 f pxq “ f p1q, and hence f is continuous at x “ 1.

Does the function f continuous on R?
Let c P R, we have

lim
xÑc

f pxq “ lim
xÑc

x ` 1 “ c ` 1,

and
f pcq “ c ` 1.

Thus f is continuous at the point c . Since this holds for any c P R,
we conclude that the function f is continuous on R.
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Example II

Is the following function f continuous at x “ 1?

f pxq “

#

x2 ´ 1 if x ě 1

1´ x if x ă 1
.

(1) limxÑ1´ f pxq “ limxÑ1´ 1´ x “ 0, and

limxÑ1` f pxq “ limxÑ1` x2 ´ 1 “ 0.

We conclude that limxÑ1 f pxq “ 0

(2) f p1q “ 12 ´ 1 “ 0.

Thus f is continuous at x “ 1.
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Example III

Is the following function f continuous at point x “ 0?

f pxq “

#

0 if x “ 0

x2 cos
`

1
x

˘

if x ‰ 0
.

Yes. This follows by the fact that

lim
xÑ0

x2 cos

ˆ

1

x

˙

“ 0,

and f p0q “ 0. This gives

lim
xÑ0

f pxq “ f p0q.
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One property of continuous function

Theorem
A function f is continuous at x “ c if and only if for any sequence
panq with an ‰ c , @n P N and limnÑ`8 an “ c , we have

lim
nÑ`8

f panq “ f p lim
nÑ`8

anq “ f pcq.
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Continuity on ra, bs

Definition
Let f : ra, bs Ñ R. We say that f is continuous at x “ a if
limxÑa` f pxq “ f paq. Similarly, we say that f is continuous at x “ b
if limxÑb´ f pxq “ f pbq. Furthermore, we say that f is continuous on
ra, bs if f is continuous at each point in ra, bs.
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Intermediate value theorem

Theorem
Let f : ra, bs Ñ R be a continuous function. Suppose that
f paq ă f pbq. Then for any f paq ă L ă f pbq there exists (at least
one) c P ra, bs such that f pcq “ L.

(CUHK) Continuous functions



Intermediate value theorem

Theorem
Let f : ra, bs Ñ R be a continuous function. Suppose that
f paq ă f pbq. Then for any f paq ă L ă f pbq there exists (at least
one) c P ra, bs such that f pcq “ L.

(CUHK) Continuous functions



Intermediate value theorem

Theorem
Let f : ra, bs Ñ R be a continuous function. Suppose that
f paq ă f pbq. Then for any f paq ă L ă f pbq there exists (at least
one) c P ra, bs such that f pcq “ L.

(CUHK) Continuous functions



Maximal-Minimal theorem

Theorem
Let f : ra, bs Ñ R be a continuous function. Then there exist
xm, xM P ra, bs such that

f pxmq ď f pxq ď f pxMq, @x P ra, bs.

Corollary: Let f : ra, bs Ñ R be a continuous function. Then there
exits Q ą 0 such that

´Q ď f pxq ď Q.

Or we say that f is a bounded function.
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Maximal-Minimal theorem
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A remark

In general, the Maximal-Minimal property does not hold for
continuous function over open interval. For instance, f pxq “ 1{x for
x P p0, 1q.
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	Continuity on [a, b]

